A discrete non-linear σ-model is obtained by triangulate both the space-time M d+1 and the target space K. If the path integral is given by the sum of all the complex homomorphisms φ : M d+1 → K, with an partition function that is independent of space-time triangulation, then the corresponding non-linear σ-model will be called topological non-linear σ-model which is exactly soluble. Those exactly soluble models suggest that phase transitions induced by fluctuations with no topological defects (i.e. fluctuations described by homomorphisms φ) usually produce a topologically ordered state and are topological phase transitions, while phase transitions induced by fluctuations with all the topological defects give rise to trivial product states and are not topological phase transitions. If K is a space with only non-trivial first homotopy group G which is finite, those topological nonlinear σ-models can realize all 3+1D bosonic topological orders without emergent fermions, which are described by Dijkgraaf-Witten theory with gauge group π1(K) = G. Here, we show that the 3+1D bosonic topological orders with emergent fermions can be realized by topological non-linear σ-models with π1(K) = finite groups, π2(K) = Z2, and πn>2(K) = 0. A subset of those topological non-linear σ-models corresponds to 2-gauge theories, which realize and classify bosonic topological orders with emergent fermions that have no emergent Majorana zero modes at triple string intersections. The classification of 3+1D bosonic topological orders may correspond to a classification of unitary fully dualizable fully extended topological quantum field theories in 4-dimensions.
corresponds to the twist in the band structure of orbitals, which is similar to the topological structure that distinguishes a sphere from a torus. This kind of topology is classical topology. (1989) corresponds to pattern of many-body entanglement in many-body wave function Ψ(m1, m2, · · · , mN ), that is robust against any local perturbations that can break any symmetry. Such robustness is the meaning of "topological" in topological order. This kind of topology is quantum topology.
FIG. 2. "Topology" in topological order

I. INTRODUCTION A. Background
The study of topological phase of matter has become a very active field of research in condensed matter physics, quantum computation, as well as in part of quantum field theory and mathematics. However, "topological" may have very different meanings, even in the same context of topological phase of matter.
In topological insulator/superconductor [1] [2] [3] [4] [5] [6] , "topological" means the twist in the band structure of orbitals (see Fig. 1 ), which is described by curvature, Chern number, finite dimensional fiber bundle, etc [7] [8] [9] [10] . Such "topological" properties can be defined even without any particles.
However, in topological order [11] [12] [13] , "topological" means the pattern of quantum entanglement [14] [15] [16] 
It is hard to visualize the patterns of many-body entanglement in such complicated many-body systems. We may use Celtic knots to help us to get some spirit of topological order or pattern of many-body entanglement (see Fig. 2 ).
FIG. 3. X-ray scattering is a universal probe for all crystal orders.
So the "topology" in topological order is very different from the classical topology that distinguishes a sphere from a torus. We will refer this new kind of "topology" as quantum topology. It turns out that the mathematical foundation for quantum topology is related to topological quantum field theory, braided fusion category, cohomology, etc [17] [18] [19] [20] [21] [22] [23] [24] [25] .
To develop a quantitative theory for topological order and the related pattern of many-body entanglement, we need to identify physical probes that can measure topological order [11] [12] [13] , i.e. identify topological invariants that can characterize topological order. We know that, for crystal order, X-ray scattering is a universal probe that can measure all crystal orders (see Fig. 3 ). So we like to ask: do we have a single universal probe that can measure all topological orders?
One potential universal probe (topological invariant) for topological orders is the partition function Z. Let us consider bosonic systems described by the path integral of non-linear σ-models:
Here M d+1 is a d + 1D space-time manifold and K a target manifold.
φ(x) sum over all the maps φ : M d+1 → K, x ∈ M d+1 and φ(x) ∈ K. d d+1 x L(φ(x), ∂φ(x), · · · ) is a (d + 1)-form at x that depends on φ(x), ∂φ(x) etc . L(φ(x), ∂φ(x), · · · ) is also called the Lagrangian density in physics.
The pair (K, L) labels the bosonic systems, and the partition function Z is a map from space-time manifolds to complex numbers
So the partition function Z is a physical probe that measure the bosonic system. However, Z(−; K, L) does not measure topological order, since two systems (K, L) and (K , L ) that are in the same topologically ordered phase can have different partition functions: Z(−; K, L) = Z(−; K , L ). In other words, the partition function Z(−; K, L) is not a topological invariant. We know that the leading term in the partition func-tion comes from the energy density ε(x):
where the subleading term Z top (M d+1 ; K, L) is of order 1 in large space-time volume limit. The leading term e − M d+1 d d+1 x ε(x) is not topological, since even when two systems (K, L) and (K , L ) are in the same topologically ordered phase, their energy densities ε(x) and ε (x) can be different.
However, the idea of using partition function to characterize topological order is not totally wrong. In particular, the subleading term is believed to be topological. [26] So Z top (M d+1 ; K, L) are topological invariants that can be used to measure/define topological order. Ref. 27 describes ways to extract topological invariant Z top (M d+1 ; K, L) from non-topological partition function Z(M d+1 ; K, L) via surgery operations. After identifying the topological invariants that characterize and define topological orders, the next issue is to systematically construct bosonic systems (K, L) that realize all kinds of topological orders, which is the topic of this paper:
1. We will describe in details a general way to construct exactly soluble bosonic models: topological non-linear σ-models, and their special caseshigher gauge theories. We believe that topological non-linear σ-models can realize all bosonic topological orders with gappable boundary. In particular, higher gauge theories realize and classify all bosonic topological orders with the following property: the topological orders have a gapped boundary that all pointlike, stringlike and other higher dimensional excitations on the boundary have a unit quantum dimension.
2. We use exactly soluble 2-gauge theories to systematically realize and classify EF1 topological orders -3+1D bosonic topological orders with emergent bosons and fermions where triple string intersections carry no Majorana zero modes. The rest of 3+1D bosonic topological orders with emergent bosons and fermions are EF2 topological orders where some triple string intersections must carry Majorana zero modes. [28] EF2 topological orders can be realized by topological non-linear σ-models which are beyond 2-gauge theories.
Recently, there are many works [29] [30] [31] [32] [33] [34] [35] [36] on higher gauge theories and their connection to topological phases of matter. In this paper, we present a detailed description of "lattice higher gauge theories", in a way to make their connection to non-linear σ-model explicit. In our presentation, we do not require higher gauge symmetry and higher gauge holonomy. We even do not mod out higher gauge transformations. Our "lattice higher gauge theories" are just lattice non-linear σ-models with only lattice scalar fields (i.e. lattice qubits). However, lattice nonlinear σ-models (without higher gauge symmetry) can realize topological orders whose low energy effective theories are higher gauge theories with emergent higher gauge symmetry. In other words, we describe how higher gauge theories can emerge from lattice qubit models (i.e. quantum spin models in condensed matter). In this paper, we also apply 2-gauge theories to classify a subclass of 3+1D bosonic topological orders with emergent fermions. We point out that the rest of 3+1D bosonic topological orders with emergent fermions are beyond 2-gauge theories and can be realized by more general topological non-linear σ-models.
B. Realize topological orders via disordered symmetry breaking states without topological defects
In this paper, we show that all the higher gauge theories can be viewed as non-linear σ-models with some complicated target space and carefully designed action. Such a duality relation between non-linear σ-models and higher gauge theories suggests that we may be able to use disordered symmetry breaking states (which are described by non-linear σ-models) to realize a large class of topological orders. In other words, starting with a symmetry breaking state and letting the order parameter have a strong quantum fluctuation, we may get a symmetric disordered ground state with topological order.
However, this picture seems to contradict with many previous results that a symmetric disordered ground state is usually just a trivial product state rather than a topological state. The study in this paper suggests that the reason that we get a trivial disordered state is because the strongly fluctuating order parameter in the disordered state contains a lot of topological defects, such as vortex lines, monopoles, etc.
The importance of the topological defects [37] in producing short-range correlated disordered states have been emphasized by Kosterlitz and Thouless in Ref. 38 , which shared 2016 Nobel prize "for theoretical discoveries of topological phase transitions and topological phases of matter".
In this paper, we show that the phase transitions driven by fluctuations with all possible topological defects produce disordered states that have no topological order, and correspond to non-topological phase transitions. While transitions driven by fluctuations without any topological defects usually produce disordered states that have non-trivial topological orders, and correspond to topological phase transitions. Thus, it may be confusing to refer the transition driven by topological defects as a topological phase transitions, since the appearance of topological defects decrease the chance to produce topological phases of matter.
More precisely, if the fluctuating order parameter in a disordered state has no topological defects, then the corresponding disordered state will usually have a nontrivial topological order. The type of the topological order depends on the topology of the degenerate manifold K of the order parameter (i.e. the target space of the non-linear σ-model). For example, if π 1 (K) is a finite group and π n>1 (K) = 0, then the disordered phase may have a topological order described by a gauge theory of gauge group G = π 1 (K). If π 1 (K), π 2 (K) are finite groups and π n>2 (K) = 0, then the disordered phase may have a topological order described by a 2-gauge theory of 2-gauge-group B(π 1 (K), π 2 (K)).
It is the absence of topological defects that enable the symmetric disordered state to have a non-trivial topological order. When there are a lot of topological defects, they will destroy the topology of the degenerate manifold of the order parameter (i.e. the degenerate manifold effectively becomes a discrete set with trivial topology). In this case the symmetric disordered state becomes a product state with no topological order. Certainly, if the fluctuating order parameter contains only a subclass of topological defects, then only part of the topological structure of the degenerate manifold is destroyed by the defects. The corresponding symmetric disordered state may still have a topological order.
C. Realizations of all 3+1D bosonic topological orders
It was shown [28, 39] that all 3+1D bosonic topological orders belong to two classes: AB topological orders where all pointlike excitations are bosonic and EF topological orders where some pointlike excitations are fermionic. Ref. 28 shows that all EF topological orders have a unique gapped boundary with the following properties:
orders have pointlike topological excitations described by
Our results suggest the following more general picture: Statement I.1. Exactly soluble n-gauge theories can realize all bosonic topological orders in n + 1 spatial dimensions that have a gaped boundary where all boundary excitations (including on d-brane excitations) have a unit quantum dimension. This is because higher groups can be viewed as higher monoidal categories where all objects and higher morphisms are invertible. For more general bosonic topological orders whose gapped boundary excitations have non-unit quantum dimensions, we need to use more general exactly soluble models, such as topological non-linear σ-model or even more general tensor network models, to realize them. [26] Combining the above realization results and the boundary results in Ref. 28 , we obtain the following classification of EF topological orders: (4) The fusion of 1-morphisms is given by f g f g = 1 and σ g,gm σ gm,g = 1 ⊕ f g .
D. Notations and conventions
Let us first explain some notations used in this paper. We will use extensively the mathematical formalism of cochains, coboundaries, and cocycles, as well as their higher cup product k , Steenrod square Sq k , and the Bockstrin homomorphism B n . A brief introduction can be found in Appendix A. We will abbreviate the cup product a b as ab by dropping . We will use a symbol with bar, such asā to denote a cochain on the target complex K. We will use a to denote the corresponding pullback cochain on space-time M d+1 : a = φ * ā , where φ is a homomorphism of complexes φ : M d+1 → K. We will use n = to mean equal up to a multiple of n, and use d = to mean equal up to df (i.e. up to a coboundary). We will use x to denote the greatest integer less than or equal to x, and l, m for the greatest common divisor of l and m ( 0, m ≡ m).
Also, we will use
n , · · · , e i (n−1) 2π n } to denote an Abelian group, where the group multiplication is " * ". We use Z n = { − n 2 + 1 , − n 2 + 1 + 1, · · · , n 2 } to denote an integer lifting of Z n , where "+" is done without mod-n. In this sense, Z n is not a group under "+". But under a modified equality n =, Z n is the Z n group under "+". Similarly, we will use R/Z = (− We introduced a symbol to construct fiber bundle X from the fiber F and the base space B:
We will also use to construct group extension of H by
Here e 2 ∈ H 2 [H; Z(N )] and Z(N ) is the center of N . Also H may have a non-trivial action on Z(N ) via α : H → Aut(N ). e 2 and α characterize different group extensions.
We will use K(Π 1 , Π 2 , · · · , Π n ) to denote a connected topological space with homotopy group
In this paper, we assume that all Π n 's are finite. We note that π i is abelian for i > 1. If only one of the homotopy groups,
If only two of the homotopy groups, say Π d , Π d , is non-trivial, then we denote the space as
) to denote the simplicial sets with only one vertex satisfying Kan conditions that describe a special triangulation of
respectively. Since simplicial sets satisfying Kan conditions are viewed as higher groupoids in higher category theory, the simplicial sets B(
, with only one vertex (unit), can be viewed as higher groups. In this paper, higher groups are treated therefore as this sort of special simplicial sets.
II. TOPOLOGICAL NON-LINEAR σ-MODELS AND TOPOLOGICAL TENSOR NETWORK MODELS
A. Discrete defectless non-linear σ-models
The non-linear σ-model (2) is widely used in field theory to describe a bosonic system. If we require the map φ(x) to be continuous, then the non-linear σ-model will be defectless, i.e. the fluctuations contain no defects. But the corresponding path integral (2) is not well defined since the summation φ(x) over ∞ ∞ number of the continuous maps is not well defined. To obtain a well defined theory, we discretize both the space-time M d+1 and the target space K. We replace them by simplicial complexes M d+1 and K.
A detailed description of simplicial complex
Let us first describe the simplicial complexes systematically. We introduce M 0 , M 1 , M 2 , · · · as the sets of vertices, links, triangles, etc that form the space-time complex M d+1 . The complex M d+1 is formally described by
where d i are the face maps, describing how the (n − 1)-simplices are attached to a n-simplex. Similarly, the complex K is formally described by
where K 0 , K 1 , K 2 , · · · are the sets of vertices, links, triangles, etc that form the target complex K.
In this paper, we will use v 1 , v 2 , · · · ∈ K 0 to label different vertices in the complex K. We will use l 1 , l 2 , · · · ∈ K 1 to label different links in the complex K, and t 1 , t 2 , · · · ∈ K 2 different triangles, etc . We choose a fine triangulation on M d+1 such that the links, triangles, etc can be be labeled by their vertices. In other words, we will use i to label vertices in M 0 . We will use (ij) to label links in M 1 , and (ijk) to label triangles in M 2 , etc .
The continuous maps between manifolds φ(x) : Now, a discrete non-linear σ-model is defined via the following path integral
where φ sums over all the homomorphisms φ :
It is clear that the map φ assign a label v i to each vertex i ∈ M 0 , a label l ij to each link (ij) ∈ M 1 , a label t ijk to each triangle (ijk) ∈ M 2 , etc . Thus we can view the map φ as a collection of fields on the spacetime complex M: a field v i on the vertices M 0 , a field e ij on the links M 1 , a field t ijk on the triangles M 2 , etc . We can rewrite the path integral as a integration of those fields:
Although those fields v i , l ij , t ijk , · · · satisfy certain local constraints described by the face maps d i , we can impose those local constraints by energy penalty: The field configurations that do not satisfy attachment conditions will cost a large energy. Thus we can view those fields as independent fields. The term e 2π i M d+1 φ * ω d+1 in the path integral is the action amplitude. Here φ * ω
which is a pull back of a realvalued (d + 1)-cochainω d+1 on K. The resulting path integral defines a discrete non-linear σ-model whose fluctuations have no defects. However, the above definition of discrete non-linear σ-model has an inconvenience: different choices of spacetime triangulation may lead to different phases of the bosonic systems. To avoid this problem, we like to choose some special triangulation K of the target space K, and some specialω d+1 's on K such that, for a given pair (K,ω d+1 ), the corresponding discrete defectless nonlinear σ-model will realize the same phase for any spacetime triangulations, as long as they are very fine triangulations (i.e. in the thermodynamic limit). Such kind of choice of (K,ω d+1 ) turns out to give rise exactly soluble models. To describe how we choose (K,ω d+1 ), we will first discuss a more general class of discrete bosonic discrete non-linear σ-models -tensor network models.
In the above definition of discrete non-linear σ-models, we assign each d+1-simplex ∆ d+1 a field-dependent complex number e i 2π ∆ d+1 ω d+1 , and multiply all those numbers together to get an action amplitude. In the more general tensor network models, we also assign each nsimplex ∆ n , n < d + 1, a field-dependent real positive number, and multiply all those numbers together to get additional contributions to the action amplitude. In the following, we will describe tensor network models in details. is associated with a tetrahedron, which has a branching structure. If the vertex-0 is above the triangle-123, the tetrahedron has an orientation s0123 = * . If the vertex-0 is below the triangle-123, the tetrahedron has an orientation s0123 = 1. The branching structure gives the vertices a local order: the i th vertex has i incoming links.
B. Exactly soluble tensor network models
Let us describe a tensor network model in 2+1D space-time complex M 3 as an example. The tensor network model is constructed from a tensor set T of two real and one complex tensors: T = (w v0 , w can be associated with a tetrahedron (0123), which has a branching structure (see Fig. 5 ). A branching structure is a choice of orientation of each link in the complex so that there is no oriented loop on any triangle (see Fig. 5 ). Here the v 0 index is associated with the vertex-0, the l 01 index is associated with the link-01, and the t 012 index is associated with the triangle-012. They represents the degrees of freedom on the vertices, links, and the triangles. Similarly, the real tensor w v0v1 l01 is associated with a link (01), and w v0 with a vertex 0.
Using the tensors, we can define a path integral on any 3-complex that has no boundary: [26] Z(M 3 ; T) = sums over all the vertex indices, the link indices, and the triangle indices, s ijkm = 1 or * depending on the orientation of tetrahedron (ijkm) (see Fig. 5 ).
On the complex M 3 with boundary: B 2 = ∂M 3 , the partition function is defined differently:
[C 
We note that, in the definition of |Ψ(M 
The tensor network model (11) are also inconvenient since for a fixed tensor set T, different choices of the triangulations of the space-time M 3 may lead to different phases. To solve this problem, we want to choose the tensors (w v0 , w v0v1 l01 , C l01l02l03l12l13l23;t012 v0v1v2v3;t023t013t123 ) such that the path integral is re-triangulation invariant. The corresponding models will be called a topological tensor network model, which can realize the same phase for any triangulations of the space-time M 3 . In general such a phase has a nontrivial topological order that has gappable boundary.
The invariance of Z under the re-triangulation in Fig. 6 requires that 
The invariance of Z under the re-triangulation in Fig. 7 There are other similar conditions for different choices of the branching structures. To obtain those conditions, we start with a 4-simplex (01234), and divide the five 3-simplices on the boundary of the 4-simplex (01234) into two groups. Then the partition function (12) on one group of the 3-simplices must equal to the partition function on the other group of the 3-simplices, after a complex conjugation. The above two types of the conditions are sufficient to determine the tensor set T that produces a topologically invariant partition function Z for any triangulated spacetime M
3 . For such a tensor set, its partition function Z = Z top (i.e. the energy density in eqn. (4) ε(x) = 0). Such topological partition function Z top (M 3 ) is nothing but the topological invariant for three manifolds introduced by Turaev and Viro. [43] C. Topological non-linear σ-models A subclass of topological tensor network models happen to have a form of discrete defectless non-linear σ-models. Such topological tensor network models (i.e. exactly soluble discrete non-linear σ-models) are called topological non-linear σ-models.
In the following, we will explain why a subclass of topological tensor network models can be viewed as discrete defectless non-linear σ-models. Again we will use a 2+1D non-linear σ-model as example. The target complex K has a set of vertices labeled by v, a set of links labeled by l, a set of triangles labeled by t, etc . We assume that each tetrahedron in K is uniquely determined by its vertices v 0 , v 1 , v 2 , v 3 , its links l 01 , l 02 , l 03 , l 12 , l 13 , l 23 , and its triangles t 012 , t 023 , t 013 .
We first assign a complex number to each tetrahedron in K, which can be written as C = 0. We also assign a real positive value w v to each vertex v in K. For such a choice of tensor set T, the partition function (11) actually describes a discrete defectless non-linear σ-model.
To see this we note that a homomorphism φ :
. φ also assigns a value l ij to each link (ij) and assigns a value t ijk to each triangle (ijk) in M 3 . The terms in the summation in eqn. (11) (16), then the corresponding discrete defectless non-linear σ-model will be a topological non-linear σ-model.
D. Labeling simplices in a complex
In the above example, most components of the tensor C l01l02l03l12l13l23;t012 v0v1v2v3;t023t013t123 are zero. This is because most combinations of v 0 , v 1 , v 2 , v 3 , l 01 , l 02 , l 03 , l 12 , l 13 , l 23 , t 012 , t 023 , t 013 are not vertices, links, and triangles of a tetrahedron in K. In the following, we will describe a more economical way to label simplices in a complex, such that each label will have a smaller range and a larger fraction of the tensor elements will be non-zero.
We still use v to label different vertices in the complex K. Thus K 0 = {v}. To label links in K, we will first try to use two vertices v 0 , v 1 on the two ends of the link to label it. If there are many links with the same end points v 0 , v 1 , we will introduce additional label a 01 to label those links with the same set of end points. Thus, different links in K are labeled by (v 0 , v 1 , a 01 ), and
We see that the new link label a 01 has a smaller range than the original link label l 01 ∼ (v 0 , v 1 , a 01 ).
In general, the set of the extra labels, {a 01 }, depends on the end points v 0 , v 1 . In this paper, we will only consider a special type of complex K such that the set of the extra labels, {a 01 }, does not depend on the end points v 0 , v 1 . In this case a 01 can be treated as a new label that is independent of vertex label v i .
Similarly, different triangles t 012 in K are labeled by t 012 ∼ (v 0 , v 1 , v 2 , a 01 , a 12 , a 02 , b 012 ), and K 2 = {(v 0 , v 1 , v 2 , a 01 , a 12 , a 02 , b 012 )}. Again the complex K has a property that b 012 is a new label independent of vertex and link labels v i , a jk . We like to stress that not all combinations {(v 0 , v 1 , v 2 , a 01 , a 12 , a 02 , b 012 )} correspond to valid triangles in K.
Only when v 0 , v 1 , v 2 , a 01 , a 12 , a 02 , b 012 's satisfy certain conditions, can they label the triangles in K. Using the new set of labels, the tensors that define topological nonlinear σ-model can be rewritten as w v0 , w , where the indices have a smaller range.
III. DIJKGRAAF-WITTEN GAUGE THEORIES FROM TOPOLOGICAL NON-LINEAR σ-MODELS
In this section, we will introduce 1-gauge theories (i.e. Dijkgraaf-Witten gauge theories), as topological non-linear σ-models. We will show that 1-gauge theories are nothing but a special kind of topological nonlinear σ-models whose target space K is modeled by a special one-vertex complex K and satisfy π 1 (K) = G, π k>1 (K) = 0. Such a one-vertex complex K is a simplicial set and is denoted by BG. Similarly n-gauge theories are nothing but a special kind of topological non-linear σ-models whose target spaces K is modeled by a simplicial set B(π 1 (K), π 2 (K), · · · ) and satisfy π k>n (K) = 0.
A. Lattice gauge theories from topological non-linear σ-models
The simplest class of topological non-linear σ-models has a simple target space K(G), the Eilenberg-MacLane spaces with only non-trivial π 1 (K(G)) = G. For a finite G, K(G) is the classifying space BG. To construct a discrete non-linear σ-model from the classifying space BG = K(G), we need to choose a triangulation of BG = K(G) which is a simplicial complex. Here we will choose a triangulation that contains only one vertex. The corresponding triangulation is a simplicial set denoted by BG or B(G). We will show that for such a one-vertex triangulation, the topological non-linear σ-model becomes a (Dijkfraaf-Witten) lattice gauge theory, which is also called 1-gauge theory.
The triangulation BG = B(G) is obtained in the following way:
1. There is only one vertex (BG) 0 = {pt} (called the base point) in BG.
2. The links are the loops starting and ending at the base point. We pick one loop in each homotopic class of loops: (BG) 1 = π 1 (BG). Thus the links are labeled by the group elements a ij ∈ G: (BG) 1 = G.
3. For arbitrary three links a 01 , a 12 , a 02 they may not form the links around a triangle. Only when they satisfy a 01 a 12 = a 02 , the composition of the three links is a contractible loop. In this case, there is a triangle t 012 bounded by the links a 01 , a 12 , a 02 . Note that, for a finite G, π n (BG) = 0 for n ≥ 2. Thus all different choices of triangles are homotopy equivalent. Here we just pick a particular one. This gives rise to the set of 2-simplices labeled by the three links a 01 , a 12 , a 02 that satisfy a 01 a 12 = a 02 . Thus the set of 2-simplices is (BG) 2 = G ×2 , labeled by a 01 , a 12 .
4. The set of 3-simplices (BG) 3 is obtained by filling all four triangles that form a 2-cycle. Using a similar consideration, we find the set of 3-simplices to be (BG) 3 = G ×3 , labeled by a 01 , a 12 , a 23 ..
The sets of higher simplices (BG) n = G ×n are obtained in the same way. To summarize, the complex BG has the following nerve
Next, let us determine the set of tensors that satisfy the retriangulation invariance conditions like (15) and (16) . We assume the space-time dimension to be d + 1.
T is the top tensor in the tensor set T, like the tensor C a01a02a03a12a13a23;b012 v0v1v2v3;b023b013b123 in Section III A. For each n-simplex, n ≤ d, we assign a positive number w n . w n 's correspond to the weight tensors w v0 and w v0v1 a01 in Section III A. The partition function of the corresponding topological non-linear σ-model is then given by (19) where N n is the number of n-simplices in M d+1 and φ sums over all the homomorphisms φ : M d+1 → BG. Becauseω d+1 is a cocycle on BG, the term e
is independent on how we triangulate the space-time
The idea is to choose the weight tensors w n to cancel such triangulation dependence. Let us define two homomorphisms φ and φ to be homotopic if there exist a homomorphism Φ : I ×M d+1 → BG such that, when restricted to the two boundaries of I × M d+1 , Φ becomes φ and φ . For such two homomorphisms, we have
if the space-time M d+1 has no boundary. Such a property is called gauge invariance. Since the phase factor e 2π i M d+1 φ * ω d+1 only depends on the homotopic classes [φ], we can rewrite it as e
. For two homotopic homomorphisms φ and φ , their corresponding field configurations a and a are said to be gauge equivalent. The action amplitude that satisfies eqn. (20) is also said to have a "generalized global symmetry" or a higher symmetry. [44] Let us describe the homotopic classes [φ] in more detail. First, there is a surjective map
where
is the set of group homomorphisms. There is another surjective map
where {[φ]} is the set of homotopic classes of the complex
, G) are said to be equivalent if their are related by
Let [γ] be an equivalent class of the group homomorphisms Hom(π 1 (M d+1 ), G). It turns out that
where {[γ]} is the set of equivalent classes of the group homomorphisms. Now, φ is reduced to a summation over the homotopic classes of the homomorphisms φ, [φ] , which is a sum with only a few terms:
where 
. The total number of the homomorphisms φ is given by
To count N ([φ], M d+1 , BG), we note that, in the above discrete non-linear σ-models, the map φ sends all vertices in M d+1 (labeled by i = 0, · · · , N v − 1) to the base point pt in BG. The map φ sends an link (ij) ∈ M d+1 to an link a ij ∈ BG. Thus on each link (ij) of space-time complex M d+1 , we have a degree of freedom a ij . Note that if three links in space-time complex, (01), (12) , and (02), form the boundary of a triangle (012), then the map φ will sends such a triangle to the triangle t 012 ∈ BG bounded by a 01 , a 12 , a 02 . This implies that there is no extra degrees of freedom on the triangles except those come from the links a 01 , a 12 , a 02 . It also implies that a ij on the three links (ij) satisfy a flat condition:
This is an example of the conditions discussed above.
Using similar considerations, we see that there are no extra degrees of freedom on the 3-simplices and higher simplices. Thus the summation φ can be rewritten as aij where aij sum over all a ij ∈ G on link (ij) ∈ M d+1 , so that a ij satisfy the flat condition (27) .
Since the set of a ij describes a flat G-gauge connection, we see that
is the number gauge equivalent flat G-gauge connections on M d+1 . We find that
where |G| is the number of the elements in the group G and |[γ]| is the number of the elements in the equivalent class [γ] . Here the factor |G| N0 comes from the numbers of gauge transformations
is the number of gauge transformations that leave a gauge field a (or φ) invariant. So
is given by the number of the elements in the subgroup of G thats leave γ invariant, which
. We want to choose w n to cancel the N 0 dependence, which turns out to be
In this case, the partition function (19) becomes
which is invariant under the retriangulation of space-time M d+1 . Such choice of tensors give us a topological nonlinear σ-model. We see that the topological non-linear σ-models with BG as the target complex are classified by the (d + 1)-cohomology classes H d+1 (BG, R/Z). When ω d+1 = 0, the partition function is given by the equal weight summation of all flat connections a ij on the links of spacetime complex, which give rise to a G-gauge theory in the deconfined phase. If we choose a non-trivial cocycle ω d+1 ∈ H d+1 (BG, R/Z), then the path integral (31) will gives rise to a Dijkgraaf-Witten lattice gauge theory.
B. Classification of exactly soluble 1-gauge theories
We have seen that by choosing a classifying space BG = K(G) as the target space and choosing a particular triangulation of K(G), B(G), as the target complex, we obtain the Dijkgraaf-Witten gauge theories for a finite gauge group G. For each finite gauge group G, we only have one corresponding
give rise to different Dijkgraaf-Witten gauge theories. Thus Dijkgraaf-Witten gauge theories (or 1-gauge theories) are classified by pairs (G, ω d+1 ).
We have seen that Dijkgraaf-Witten gauge theories are topological non-linear σ-models. It is natural to ask if topological non-linear σ-models with target complex BG are Dijkgraaf-Witten gauge theories. In other words, we have shown that the tensor set
satisfy the retriangulation invariance conditions, such as eqn. (15) and (16) . The question is that if all the solutions of the retriangulation invariance conditions (such as eqn. (15) and (16)) have the form eqn. (32) as described by a cocycleω d+1 . There is another related question: given a triagulation K of the classifying space BG (K may not be a simplicial set), are all the topological non-linear σ-models with target complex K equivalent to DijkgraafWitten gauge theories (i.e. produce the same topological invariant Z top or produce the same topological order)? We left the questions for future work.
IV. 2-GAUGE THEORIES FROM TOPOLOGICAL NON-LINEAR σ-MODELS
In this section, we are going to discuss exactly soluble 2-gauge theories and their classification, from a point of view of topological non-linear σ-model. We have seen that if the target space K has only non-trivial π 1 (K), we can get a 1-gauge theory from the topological non-linear σ-model. If the target space K has only non-trivial π 1 (K) and π 2 (K), then we can get a 2-gauge theory.
A. 2-groups
To obtain a 2-gauge theory via a topological non-linear σ-model, we choose a special triangulation of K(G, Π 2 ), the simplicial set B(G, Π 2 ), as the target complex. The simplicial set B(G, Π 2 ) is called a 2-group. The corresponding topological non-linear σ-model can be a 2-gauge theory. In this section, we concentrate on 2-groups B(G, Π 2 ), where G is a finite group and Π 2 a finite abelian group.
The simplicial set B(G; Π 2 ) (the 2-group) can be viewed as a fiber bundle with B(0; Π 2 ) = B(Π 2 , 2) as the fiber and B(G) as the base space:
Thus a classification of B(G; Π 2 ) can be obtain using the following general result:
Lemma IV.1. The simplicial set B(π 1 ; · · · ; π n ) has the following fibration
The n = 2 case was discussed in Ref. 45 , Theorem 43.
Using the above result, we find that, for a fixed pair (G, Π 2 ), the 2-groups B(G; Π 2 ) are classified by
2 ) means that G may have a non-trivial action on Π 2 , which is described by α 2 : G → Aut(Π 2 ). Such an action is indicated by the superscript α 2 in Π α2 2 . To summarize, 2-groups B(G; Π 2 ) are classified by the following data
where G is a finite group, Π 2 a finite abelian group, α 2 a group action After knowing how to label all the 2-groups B(G; Π 2 ) using the data (34), the next important question is to obtain a detailed description of the simplicial set B(G; Π 2 ) from the classifying data (34) . The simplicial set B(G; Π 2 ) has the following sets of simplices:
Let us describe the sets of simplices and the face map d m in more details. First there is only one vertex pt in B(G; Π 2 ). The links in B(G; Π 2 ) are labeled by elements a ij in G. All the links connect pt to pt, and correspond to non-contractable loops in π(B(G; Π 2 )) = G. Thus the face maps are give by
The boundary map is given by 
which map the traingle to one of its links. From the face maps d m , we obtain the boundary map ∂:
Thus the boundary of triangle (a 01 , a 12 , a 02 ; b 012 ) is given by ∂(a 01 , a 12 , a 02 ; b 012 ) = (a 12 ) − (a 02 ) + (a 01 ).
Using the above boundary map, we find that four triangles −(a 01 (38) . Otherwise, they will not form triangles. But the 2-cycle formed by the four triangles may not be the boundary of a tetrahedron in B(G; Π 2 ). In order to have a tetrahedron in B(G; Π 2 ) that fill the 2-cycle, b ijk 's must satisfy a condition. In other words a ij 's and b ijk 's that label the links and triangles in a tetrahedron in B(G; Π 2 ) must satisfy a condition. Such a condition can be described using the cochain language (see Appendix A) if we introduce a Π 2 -valued canonical 2-cochainb, as defined by the values b ijk on all the triangles of B(G; Π 2 ). Usingb, the condition on b ijk can be written as
So, the canonical 2-cochainb may not be a cocycle. Its derivative is given by a function of canonical 1-cocyclē a. When α 2 is trivial, the above have the following explicit expression: a ij 's and b ijk 's that label the links and triangles in a tetrahedron satisfy
When α 2 is non-trivial, db =n 3 (ā) becomes
We see that the tetrahedrons in B(G; Π 2 ) are labeled by (a 01 , a 12 , a 23 , a 02 , a 13 , a 03 ; 
The boundary map ∂ for tetrahedron is given by In general, the n-simplices in
are labeled by (a ij , b klm ), i < j, k < l < m i, j, k, l, m = 0, 1, · · · , n, that satisfy the conditions (38) (after replacing 012 by i < j < k) and eqn. (45) (after replacing 0123 by i < j < k < l). We see that all the a ij 's are determined by the independent a 01 , a 12 , · · · , a n−1,n . Similarly, all the b ijk 's are given by an independent subset of b ijk 's. Such independent subset is obtained by picking i = 0, and j < k.
Using the labeling scheme (a ij , b ijk ), i, j, k = 0, 1, · · · , n, where a ij , b ijk satisfy eqn. (38) and eqn. (45), we can obtain a simple description of the face map d m in eqn. (36) that sends a n-simplex to a (n − 1)-simplex. To describe the action of d m , we start with a n-simplex (a ij , b ijk ). The resulting n − 1-simplex is obtained by dropping all in a ij , b ijk in the set (a ij , b ijk ) that contain the vertex m. This changes (a ij , b ijk ) to its subset which is written as
a ij , b ijk in the subset also satisfy eqn. (38) and eqn. (45) . The subset d m (a ij , b ijk ) describes the resulting n − 1-simplex after the d m map. We see that the explicit expression for d m (a ij , b ijk |0 ≤ i, j, k ≤ n) is simple to construct using non-independent a ij , b ijk 's.
B. 2-gauge theories
To define a d + 1D topological non-linear σ-model (we will assume d ≥ 2 since there is no 2-gauge theory in 1 + 1D), we need to specify the tensor set T. To do so, for each d + 1-simplex labeled by (a ij , b ijk ) in B(G, Π 2 ) we assign a complex number
T is the top tensor in the tensor set T. For each n-simplex in B(G, Π 2 ), n ≤ d, we assign a positive number w n , which correspond to the weight tensors in the tensor set. The partition function of the corresponding topological nonlinear σ-model is then given by
where N n is the number of n-simplices in M d+1 and φ sums over all the homomorphisms φ : M d+1 → B(G, Π 2 ). The pullbacks of the canonical cochainsā andb on B(G, Π 2 ) by the homomorphisms φ give rise to cochains a and b on M d+1 :
a and b are referred as gauge field and rank-2 gauge field in physics, which satisfy
In fact there is a one-to-one correspondence between the allowed field configurations a and b and the homomorphisms. Thus we can replace φ and a,b :
As shown in eqn. (20) , homotopic homomorphisms φ's give rise to the same action amplitude e 2π i M 4 φ * ω d+1 . Thus the partition function can be written as
Let two field configurations a ij , b ijk , · · · and a ij , b ijk , · · · on M d+1 come from two homotopic homomorphisms φ and φ . Thus the two field configurations have the same the action amplitude e 2π i M 4 φ * ω d+1 . We say that the two configurations differ by a gauge transformation.
The gauge equivalent field configurations are generated by two kinds of gauge transformations: The first one is generated by g i on each vertex
Since n 3 is a cocycle, the above equation always has a solution. The second one is generated by Π 2 -valued λ ij on each link Since
) counts 2-gauge equivalent field configurations, from the above form of 2-gauge transformations, we see that
To cancel the triangulation dependence N 0 and N 1 , we choose the weight tensors to be
Such choice of top and weight tensors, (52) and (62), give rise to a topological non-linear σ-model which is a 2-gauge theory. We like to remark that eqn. (52) 
Since the data (G; Π 2 , α 2 ,n 3 ) classify the 2-groups, the d + 1D 2-gauge theories are then classified by the following data
Using the above data, we can construct a 2-gauge theory eqn. (63).
C. 2-group cocycles ω d+1 in eqn. (63) is called a 2-group cocycle. In the following, we give an explicit description of 2-group cocycles, based on the discussion in Section IV A. First, a d + 1D 2-group cochainω d+1 with value M is a function
2 → M. Then we can define the differential operator d acting on the 2-group cochains as the following (see eqn. (47) or eqn. (48)):
In each dimension, we obtain: a 01 , a 12 , a 23 , a 34 , a 45 , b 012 , b 013 , b 014 , b 015 , b 023 , b 024 , b 025 , b 034 , 
In the above, the variables a ij with j −i > 1 and b ijk with i = 0 do not appear on the left-hand-side of the equation but appear on the right-hand-side of the equation. In fact, those a ij and b ijk are given by a i,i+1 's and b 0mn 's that do appear on the left-hand-side of the equation:
So the above are conditions on the functions of a i,i+1 's and b 0mn 's. With the above definition of d operator, we can define the 2-group cocycles as the 2-group cochains that satisfy dω d+1 = 0. This generalizes the notion of group cocycle to 2-group cocycle. Two different 2-group cocycles ω d+1 andω d+1 are equivalent if they differ by a 2-group coboundary dν d . The set of equivalent classes of d + 1D 2-group cocycles is denoted as H d+1 (B(G b ; Π 2 ), M).
D. Cohomology of 2-group
One way to understand the structure of (33)), and use spectral sequence to reduce the cohomology of B(G b ; Π 2 ) to cohomology groups of G b and B(Π 2 , 2). In particular, from Appendix B, we see that every element in
be the one-to-one label of all the elements in
Next, let us concentrate on a special case of Π 2 = Z 2 , and try to compute H d+1 (B(G b ; Z 2 ), R/Z). Since Z 2 group has no non-trivial automorphism, α 2 is always trivial. Butn 3 ∈ H 3 (BG b ; Z 2 ) is in general non-trivial. Thus, a 2-group B(G b ; Z 2 ) is characterized by a pair G,n 3 . The cohomology H * (B(Z 2 , 2), Z) is given by [46] d : 0 1 2 3 4 5 6 7
Using the universal coefficient theorem
and Z n ⊗ Z R/Z = 0, Tor(Z n , R/Z) = Z n , we find that
Using the above result, we find that H 4 (B(G b ; Z 2 ), R/Z) can be labeled by
Since 2-gauge theories in 3+1D are classified pairs (n 3 ,ω 4 ), ω 4 ∈ H 4 (B(G b ; Z 2 ), R/Z)}, we find that each 3+1D 2-gauge theory corresponds to one or more elements in a subset of
The first H comes fromn 3 and the rest H's fromω 4 .
If the indexk 0 ∈ H 4 (B(Z 2 , 2); R/Z) = Z 4 isk 0 = 2, the 2-gauge theory has emergent fermions. The index k 2 in H 2 (BG b ; Z 2 ) describes the extension of G b by Z 2 to obtain G f . sRep(G f ) describes the particlelike excitations in the 2-gauge theory. For details, see Section VI.
V. PURE 2-GAUGE THEORY OF 2-GAUGE-GROUP B(Π2, 2)
In the last section, we discuss some general properties of 2-gauge theory. In this section, we are going to discuss a special 2-gauge theory, pure 2-gauge theory.
A. Pure 2-group and pure 2-gauge theory
If we choose the target complex of the topological nonlinear σ-model to be B(0; Π 2 ) = B(Π 2 , 2), we will get a pure 2-gauge theory of 2-gauge-group B(Π 2 , 2), where Π 2 is a finite abelian group. There is only one complex of B(Π 2 , 2)-type. The complex B(Π 2 , 2) has a structure pt pt
In this casen 3 = 0, α 2 is trivial, and b ijk satisfy
We see that canonical 2-cochainb is a Π 2 -valued 2-cocycle on target complex B(Π 2 , 2). The action of d on the cochains in B(Π 2 , 2) are given by 
So the above are the conditions on functions of b 0mn 's. Clearly,
From eqn. (82), we see that, for Π 2 = Z n , a 2-group 2-cocycle has a form
The constant term c is a coboundary. Thus H 2 (B(Z n , 2), R/Z) = Z n . This allows us to show that for a finite Π 2
which agrees with
From eqn. (75), we see that
One of the 4-dimensional 2-group cocycle is given by
We note that 2ω 
Low energy effective theory 
This result tells us that when n = odd,
is a R/Z-valued 4-cocycle, while when n = even
is a R/Z-valued 4-cocycle. ω 4 (b) generates a Z n group when n = odd, and a Z 2n group when n = even. This suggests that H 4 (B(Z n , 2), R/Z) = Z n when n = odd, and H 4 (B(Z n , 2), R/Z) = Z 2n when n = even.
B. Pure 2-gauge theory in 3+1D
We see that, when n = odd, we have n different 3+1D B(Z n , 2) 2-gauge theories, described by partition function
where k = 0, 1, · · · , n − 1. Clearly, the action amplitude e
2 is invariant under the 2-gauge transformation b → b + dλ. The above 2-gauge theory was studied in Ref. 47 . It was found that the theory realizes a 3+1D Z 2k,n -gauge theory. It is an untwist Z 2k,n -gauge theory since 2kn/ 2k, n 2 is always even.
n = even case
When n = even, we have 2n different 3+1D B(Z n , 2) 2-gauge theories, described by partition function
where m = 0, 1, · · · , 2n − 1. Noticing that the Z n -valued 2-cocycle b satisfies db = nc. Under the 2-gauge transformation b → b + dλ generated by Z n -valued 1-cochain λ, we see that, from eqn. (A24) and using db = nc
This implies the 2-gauge invariance of the action amplitude e 2π i M 4 k 2n Sq 2 b for the n = even case.
Properties and duality relations
The pure 2-gauge theories (95) and (96) were studied for n = odd cases and for n = even and m = 2k cases in Ref. 47 . In those cases, it was found that the theory realizes a 3+1D Z 2k,n -gauge theory. The Z 2k,n -gauge theory has emergent fermions if 2kn/ 2k, n 2 = odd, and it is a untwist Z 2k,n -gauge theory if 2kn/ 2k, n 2 = even. To understand the properties of the model (96) for n = even and m = odd cases, we compute the partition function (96) in Appendix C. The result is summarized in Table I . We see that, for n = even, the 3+1D pure 2-gauge theory is equivalent to Z m,n -gauge theory. The theory has emergent fermion iff mn/ m, n 2 = odd. The higher gauge theories are labeled by a pair (K, ω d+1 ): a target space K and a cocycle ω d+1 on it. Some times two different higher gauge theories may realize the same topologically ordered phase. In this case, we say that the two theories are equivalent or dual to each other. The results in Table I suggest 
(2) for n = odd
We note that [B(Z n ), 0] is an untwisted Z n -gauge theory.
In this section, we are going to consider more general 3+1D 2-gauge theories which have 2-gauge-group
A. The Lagrangian and space-time path integral
Since Z f 2 has no non-trivial automorphism, so α 2 is trivial. As a result, such 2-gauge theories are classified by
(100)
, R/Z). To write down the Lagrangian and space-time path integral for the 2-gauge theories, the key is to findω 4 . To do so, we note that the links in B(G b ; Z 
We may use the 1-cocycleā and the 2-cochainb to write downω 4 . We note that eachω 4 ∈ H 4 (B(G b ; Z f 2 ), R/Z) corresponds (see eqn. (76)) to one or more elements in a subset of
To construct aω 4 , we may guessω 4 =k 
is not a cocycle. Again we can fix it by adding a functionν 4 (ā). Thus, we come up with the following general expression ofω 4 :ω
In this case,ω 4 (ā,b) will be a cocycle dω Using the expression (104) forω 4 , we can construct a topological non-linear σ-model (i.e. a 2-gauge theory): The Lagrangian of the 2-gauge theory (106) is labeled by the data [k 0 ,ē 2 (ā),n 3 (ā),ν 4 (ā)]:
that satisfy
As local bosonic systems, the different 2-gauge theories labeled by different data may realize the same bosonic topological phase. We say that those 2-gauge theories or those data are equivalent. Note that the Lagrangian is a 2-group cocycle, and two Lagrangians differing by a 2-group coboundary should be equivalent. This kind of equivalent relation is generated by the following three kinds of transformations: (1) a transformation generated by a 1-cochainl 1 
(2) a transformation generated by a 2-
a transformation generated by a 3-
Under those transformations, the Lagrangian ν 4 (a) + We like to point out that the different transformations of the second type do not commute. Those transformation may generate changes (ē 2 ,n 3 ,ν 4 ) → (ē 2 ,n 3 ,ν 4 + ∆ω 4 ) where ∆ω 4 is a cocycle in Z 4 (BG b ; R/Z). We also want to mention that the above transformations can not generate all possible equivalent relations. In particular, an isomorphism of the target space
2 ) (2-group isomorphism) may relate two Lagrangians whose difference is not a 2-group coboundary. We are not sure if there are more general "duality" equivalent relations between 2-gauge theories. This will be left for future work.
C. 2-gauge transformations in the cocycle σ-model
As a local bosonic model, the discrete non-linear σ-model (106) do not have to have any symmetry. However, in eqn. (106) we choose a very special Lagrangian, the pullback of a cocycle on the target space. For such a special Lagrangian, the model is exactly soluble. Such a special Lagrangian has a large set of accidental symmetries: invariant under 2-gauge transformations. We may also say that the model has accidental higher symmetries [44] . We note that breaking all those symmetries in the Lagrangian by a small but arbitrary perturbation will not change the topological order in the ground state. Thus we may say that all those arbitrary perturbations are irrelevant, and the cocycle σ-model is the fixed point theory of the given topological order. In other words, topological order has emergent higher symmetries.
In this section, we are going to discuss those accidental emergent higher symmetries in the cocycle σ-model (106). In this case, the emergent higher symmetries is called 2-gauge symmetries.
The first type of 2-gauge transformation is given by
We find that, using eqn. (A23) and eqn. (A21)
Therefore, the Lagrangian changes by only a total derivative term under the first type of 2-gauge transformation. The second type of 2-gauge transformation is given by 0-cochain
Under the above transformation
which defines ζ 2 (a, g). Thus the condition db 2 = n 3 (a) is maintained under the 2-gauge transformation. We find that, using eqn. (A22) and eqn. (A21)
We note that the above only depends on a and g. Thus, if ν(a) satisfies
the Lagrangian changes by only a total derivative term under the second type of 2-gauge transformation.
D. The vanishing of the partition function
We have seen that if we change b by a coboundary, the action amplitude e 
Thus the action amplitude depends on b 0 via e
)+e2]b0 . When we integral over b (i.e. b 0 ) in the path integral, such a term will cause to partition function to vanish if
This allows us to conclude that the local bosonic system has emergent pointlike excitations that are described by representations of G f = Z 2 e2 G b . If k 0 = 1, the local bosonic system has emergent fermions. [47] E. The pointlike and stringlike excitations in the 2-gauge theory
There are two types of pointlike excitations in the 2-gauge theory. Let S 1 be the world line of a pointlike excitation of the first type. The presence of the pointlike excitation modifies the path integral via a Wilson loop:
[Tr
, is a representation of G b and
To describe the second type of pointlike excitations, let f 3 be the Poincaré dual of the worldline of the pointlike excitations. Then the second type of pointlike excitations are created by modifying the condition db = n 3 (a) to
Now the path integral with the second type of pointlike excitations becomes
To understand the property of the second type of excitations, let us assume the worldline S 1 to be the boundary of a disk D 2 . Let a Z 2 -valued 2-cochain s 2 to be the Poincaré dual of D 2 . Then we have f 3 = ds 2 . The above path integral can be rewritten as
where we have used eqn. (A22). We note that the term e π i M 4 s2e2(a) is the only one on the disk D 2 that depends on the 1-cocycle field a. This term can be rewritten as
After combining with the first type of particle, the above becomes
The term e π i D 2 e2(a) introduces ±1 phase to R G b (a ij ) and promotes it into a representations of G f = Z 2 e2 G b . This is why the pointlike excitations are described by G f representations.
To summarize, the pointlike excitations are described by Rep(G f ) when k 0 = 0 and by sRep(G f ) when k 0 = 1. Here Rep(G f ) is the symmetric fusion category formed by the representations of G f where all the representations are bosons. sRep(G f ) is the symmetric fusion category formed by the representations of G f where all the representations that represent the extended Z 2 trivially are bosons and the others are fermions. The representations that represent the extended Z 2 trivially correspond to the first type of pointlike excitations, which are always bosons regardless the value of k 0 . The representations that represent the extended Z 2 non-trivially correspond to the second type of pointlike excitations. The second type of pointlike excitations are fermions when k 0 = 1, and bosons when k 0 = 0.
Similarly, stringlike excitations are described by worldsheet W 2 in space-time. The first type of stringlike excitations are created by modifying the flat condition a ij a jk a
on the triangles that intersect the worldsheet. We see that the stringlike excitations of the first type are labeled by the group elements. However, we can perform a gauge transformation in the region that cover the worldsheet
i.e. changes the string labeled by g to the string labeled by hgh −1 . Thus strings labeled by different group elements in the same conjugacy class are equivalent. Therefore, stringlike excitations of the first type are labeled by by the conjugacy classes of G b , just like a 3+1D gauge theory of gauge group G b .
The presence of the second type of stringlike excitation modifies the path integral: 
VII. CLASSIFY AND REALIZE 3+1D EF1 TOPOLOGICAL ORDERS BY 2-GAUGE THEORIES OF 2-GAUGE-GROUP
It was shown that 3+1D AB and EF topological orders with emergent bosons and/or fermions have a unique canonical boundary. [28, 39] On the canonical boundary, the boundary stringlike excitations are labeled by the elements in a finite group. All those boundary string excitations have a unit quantum dimension. For EF1 topological orders with emergent fermions, the canonical boundary also has an emergent fermionic pointlike excitation with quantum dimension 1. [28] Those boundary excitations are described by a pointed unitary fusion 2-category. Such a pointed unitary fusion 2-category is classified by a 2-group B(G b , Z f 2 ) and a R/Z-valued 4-cocycle ω 4 on the 2-group. Here G b is the group that labels the types of boundary string excitations. Therefore, all EF1 3+1D topological orders are classified by a pair B(G b , Z f 2 ),ω 4 -a 2-group and a R/Z-valued 4-cocycle on the 2-group.
To see why pointed fusion 2-categories are classified by the pairs (B(G b , Z f 2 ),ω 4 ), we note that the pointed fusion 2-category has objects labeled by elements in G b , 1-morphisms labeled by elements in Z 2 and 2-morphisms corresponding to physical operators. The 2-morphisms are not all invertible, but for the structural morphisms we only need to consider the invertible 2-morphisms, thus no generality is lost by restricting 2-morphisms to U (1) R/Z. This way we obtain a 3-group B(G b , Z 2 , R/Z), which has the same classification data as the pointed fusion 2-category. We explain now in more detail.
On one hand, by Lemma IV.1, we have
and B(G b , Z 2 , R/Z) is classified by the base 2-group B(G b , Z 2 ) and an elementω 4 
On the other hand, recall the classification data of the pointed fusion 2-category that is listed in [28] :
• Interchange law: 2-isomorphisms [U (1) phase factors]b(p g , q h , p g , q h ) that determines the particle statistics.
• Associator: 1-morphism n 3 (g, h, j) : (gh)j → g(hj) in H 3 (BG b ; Z 2 ) and 2-isomorphismsñ 3 (p g , q h , r j ).
• Pentagonator: 2-isomorphisms
We thus find an exact correspondence between the above and the classification data on the higher group side
, R/Z)) as below: G b , Z 2 , n 3 are exactly the same. The 2-group 4-cocycleω 4 has 3 components k 0 ,ē 2 ,ν 4 :
• k 0 corresponds tob(p g , q h , p g , q h ) on the 2-category side. It has 4 different choices, corresponding to boson, fermion, semion and anti-semion statistics respectively. For EF1 topological orders we stick to the choice of fermion statistics, which is indicated in our notation by using Z f 2 instead of Z 2 .
•ē 2 determines the Z f 2 extension from G b to G f . Together with k 0 it determines the associator 2-morphismsñ 3 (p g , q h , r j ) on the 2-category side.
• The last componentν 4 is just the pentagonator ν 4 (g, h, j, k) on the 2-category side.
• Moreover, on both sides they satisfy the same consistent condition (109).
Since all 3+1D EF1 topological orders are classified by
,ω 4 , and since for each pair B(G b , Z f 2 ),ω 4 we can construct a 2-gauge theory to realize a EF1 topological order, we conclude that exactly soluble 2-gauge theories of 2-gauge-group B(G b , Z f 2 ) realize and classify all 3+1D EF1 topological orders.
VIII. REALIZE 3+1D EF2 TOPOLOGICAL ORDERS BY TOPOLOGICAL NON-LINEAR σ-MODELS
A. Construction of topological non-linear σ-models
In Ref. 26 , it was conjectured that all topological orders with gappable boundary can be realized by exactly soluble tensor network model defined on space-time complex. [27, 43, 48, 49] In Ref. 28 , it was shown that all EF topological orders have a unique canonical boundary described by a unitary fusion 2-category in Statement I.2. Motivated by the results in Ref. 39 and 48, here we like to show that all the EF 3+1D bosonic topological orders can be realized by topological non-linear σ-models, a particular type of tensor network models defined on spacetime complex. [26, 27, 49] The topological non-linear σ-models are constructed using the data of unitary fusion 2-categories described in Statement I.2.
Let us remind the readers that the canonical boundary of a EF topological order is described by a unitary fusion 2-category A 
Also two strings (two objects) labeled by g and gm (where g ∈Ĝ b and m is the generator of Z m 2 ) are connected by an 1-morphism σ g,gm of quantum dimension √ 2. This 1-morphism correspond to an on-string pointlike excitation. There is another 1-morphism f g of quantum dimension 1 that connect every string g to itself.
The second 1-morphism correspond to a fermionic pointlike excitation. The fusion of 1-morphisms is given by
We note that the fusion 2-category A 3 b has three layers. The first layer is formed by objects in a fusion category. For our case, the simple objects in fusion ring form a finite groupĜ b (see eqn. (131)). The second layer is formed by 1-morphisms generated by 1, f g , σ g,gm . The objects and the 1-morphisms are described by a fusion category (see eqn. (132)). The third layer is formed by 2-morphisms, which are complex vector spaces for our case. The objects plus the 1-morphisms and 2-morphisms are described by the fusion 2-category. In the first part of this section, we are going to show that the simple objects and simple morphisms in the fusion category eqn. (131) and eqn. (132) (i.e. the object and 1-morphism layers) are described by a simplicial setK(Ĝ b , Z f 2 ). And from this simplicial set, we can recover the entire fusion category (including semi-simple objects). In the second part of this section, we will show that the 2-morphism layer is described by a set of tensors. So the fusion 2-category is described by a topological non-linear σ-model with a target complexK(Ĝ b , Z f 2 ). To obtain the bulk topological non-linear σ-model that realize the fusion 2-category A 3 b , let us first ignore the quantum-dimension-√ 2 1-morphisms σ g,gm . In this case, the canonical boundary will be described by a pointed unitary fusion 2-category, i.e. by a 2-group B(Ĝ b , Z 
. The corresponding path integral is given by
Now, let us include the 1-morphisms σ g,gm that connect two strings g and gm. But at the moment, we will assume such 1-morphisms to have a unit quantum dimension and a fusion σ g,gm ⊗ σ gm,g = 1. Since the extra 1-morphism can connect two strings differ by m, the flat condition onâ is modified and becomes a quasi-flat condition δâ ∈ Z 
To have a more rigorous construction ofB(G b , Z f 2 ), we note that given a morphism of groups A 2 p2 − →Ĝ, ker p 2 0 − → G :=Ĝ/Imp 2 together with G action α on ker p 2 and n 3 ∈ H 3 (G, ker p α 2 ) decide a 2-group B(G, ker p 2 ), which as a simplicial set has the following form:
, where
and K n in general is made up of those n-simplices whose 2-faces are elements of K 2 and such that each set of four 2-faces gluing together as a 3-simplex is an element of K 3 . This is the so-called coskelenton construction.
Then we pullback this 2-group structure via the projection mapĜ
is the boundary simplicial set of the standard simplicial simplex ∆[n]. Pullback of a 2-group still satisfies the same Kan conditions, thus still a 2-group. Then after calculation, we see that the pullback 2-group as a simplicial set has the following form:
, wherê
andK n is similarly defined by coskeleton construction. Heren 3 = (π m ) * n 3 is the pullback 3-cocycle. We denote this 2-group byB(G, ker p 2 ). Since the pullback construction introduces equivalent 2-groups,B(G, ker p 2 ) and B(G, ker p 2 ) are equivalent 2-groups. To apply in the above situation, we take Through the above examples, we see that pointed unitary fusion 2-categories have a "geometric" picture in terms of 2-groups. The fusion rules in the 2-categories are described by the complex of the 2-groups. The complicated coherent relations in the 2-categories are described by the cocycle conditions on the 2-groups side. In the following, we will develop a "geometric" picture, i.e. a complexK(G b ; Z If all four triangles carry m-flux, then the 2-sphere is filled by two different tetrahedrons, labeled by c 0123 = 0, 1. This is because each triangle with m-flux corresponds to the 1-morphism σ. The fusion of three σ is given by σ ⊗ σ ⊗ σ = (1 ⊕ f ) ⊗ σ = 2σ. The factor 2 means there are two fusion channels, and thus two different tetrahedrons to fill the 2-sphere.
At higher dimensions, every 3-sphere formed by five tetrahedrons glued along their 2-faces is filled by a 4-simplex, every 4-spheres formed by six 4-simplexes glued along their 3-faces is filled by a 5-simplex, etc . In this way, we obtain the simplicial setK(G b ; Z f 2 ) (which is thus 3-coskeleton):
where the simplexes at each dimensions are given bŷ simple 1-morphisms to be the triangles with one side degenerate inK(G b ; Z f 2 ). One can picture them as bigons (see Fig. 8 ),
Then the composition · v of 1-morphisms can be read from the information ofK 3 , which tells which tetrahedrons are allowed, indicated by Fig. 9 . For example, we have a unique tetrahedron (1, 1, g, 1, g, g; 0, b, b + b , b ) inK 3 to fill its (3, 1)-horn. Then this implies that (g, g; b) · v (g, g; b ) = (g, g; b + b ), here + is the addition in Z 2 . Then the only non-unique case is for (g, gm; 0) · v (gm, g; 0): there are both (1, 1, g, 1, gm, g; 0, 0, 0, 0) or (1, 1, g, 1, gm, g; 0, 0, 1, 0) to fill the (3, 1)-horn. This makes (g, gm; 0) · v (gm, g; 0) = (g, g; 0 ⊕ 1) a non-simple element. We thus can extend · v to an associative product to all semi-simple objects and 1-morphisms. We call the result category A 3 b . Now we will read fromK 3 the fusion product for A 3 b , which makes A 3 b further into a fusion category. We only need to take care of fusion of simple objects and simple 1-morphisms, then we can extend the fusion by distribution law to semi-simple objects and 1-morphisms. The fusion of simple objects is simply the group multiplication ofĜ b ; the fusion of simple 1-morphisms is again read from tetrahedrons inK 3 . If we want to fuse (g 1 , g 1 ; b 1 ) and (g 2 , g 2 ; b 2 ), the first step is to transfer the (0, 1)-side degenerate triangle (g 1 , g 1 ; b 1 ) = (1, g 1 , g 1 ; b 1 ) to an (2, 3)-side degenerate triangle, by filling the (3, 0)-horn of the tetrahedron (0, 1, 2, 3) with a unique element
The second step is to fill the (2, 1)-horn of the triangle (0, 1, 4) without flux with (g 1 , g 2 , g 1 g 2 ; 0). The third step is to finally fill the (3, 1)-horn of the tetrahedron (0, 2, 3, 4) and obtain a triangle (0, 3, 4) with three sides (g 1 , g 2 , g 1 g 2 ). The fouth step is to transfer this triangle to a trianlge with sides (1, g 1 g 2 , g 1 g 2 ) by filling the (3, 2)-horn of a tetrahedron. The filling can be non-unique only in the third step. This procedure is illustrated with Fig.  10 . Following this strategy, the calculation shows that the only non-unique case happens when we fuse (g 1 , g 1 m; 0) and (g 2 , g 2 m, 0), and (g 1 , g 1 m; 0) ⊗ (g 2 , g 2 m, 0) = (g 1 g 2 , g 1 g 2 ; 0 ⊕ 1). The associator for the fusion product is still given by n 3 . Thus we have recovered a fusion 2-category from the simplicial setK(G b , Z f 2 ). To obtain the coherence relations (i.e. the 2-morphism layer) in the unitary fusion 2-category A 
where (ijklp) is a product over all the 4-simplices and s ijklp is the orientation of the 4-simplices (see Fig. 12 ).
Also, (ijk) is a product over all the internior triangles, (ij) is a product over all the internior links, and i is a product over all the internior vertices.
The rank-25 tensorΩ 4 , as well as the weight tensors w 0 , w 1 , and w 2 , must satisfy certain conditions in order for the above path integral to be re-triangulation invariant. The conditions can be obtained in the following way: We start with a 5-simplex (012345). Then, divide the six 4-simplices on the boundary of the 5-simplex (012345) into two groups. Then the partition function on one group of the 4-simplices must equal to the partition function on the other group of the 4-simplices, after a complex conjugation. There are many other similar conditions from different partitions.
Each solution of those conditions give us a topological non-linear σ-model. Some of those models have emergent fermions and describe EF topological orders. We believe that all EF topological orders can be realized this way.
In general, it is very hard to find solutions of those conditions, since that corresponds to solve billions of nonlinear equations with millions of unknown variables, even for the simplest cases. One way to make progress is to note that when restricted to the indicesâ that satisfy δâ = 1, the tensorΩ 4 becomes a U (1)-valued 4-cocycle on the 2-group B(Ĝ b , Z f 2 ). This is because some conditions forΩ 4 , such as eqn. (144), act within those components ofΩ 4 whose indices satisfy δâ = 1. When δâ = 1, w 2 (m) will not appear in those conditions. In this case, if we chooseΩ 4 to be a U (1)-valued 4-cocycle on the 2-group, the terms in the summation in eqn. (144) As we have seen that the topological non-linear σ-model on the complexK(G b , Z f 2 ) is closely related to the unitary fusion 2-category A b . The canonical boundaries of the topological non-linear σ-models are very simple which are given by choosinĝ a ij = 1 and b ijk = 0 on the boundary. The states witĥ a ij = 1 and b ijk = 0 corresponds excited states with boundary stringlike and pointlike excitations (see Fig.  11 ).
We see that the boundary string are labeled byâ ij which is an element inĜ b . They correspond to objects in a unitary fusion 2-category. b ijk on triangles correspond to 1-morphisms of unit quantum dimension. b ijk = 1 implies the presence of a fermion on the triangle (ijk). The condition db =n 3 (â) describes how a fermion worldline can starts or ends at certain configurations ofâ, where   FIG. 11 .
A boundary configuration. The thin dash-lines corresponds toâij = 1. The thin colored-lines corresponds tô aij = 1. The white triangles corresponds to b ijk = 0. The yellow triangles corresponds to b ijk = 1, which are boundary fermions. The non-zeroâij's describe boundary strings on the dual lattice, represented by the thick lines. The strings with different colors are described by g and gm. The domain wall between two strings has a Majorana zero mode marked by a green dot. n 3 (â) = 0.
The Fermi statistics of the particle described by b ijk = 0 is determined by the form of the top tensorΩ 4â 01â02â03â04â12â13â14â23â24â34 ;c1234c0234c0134 b012b013b014b023b024b034b123b124b134b234;c0124c0123 in eqn. (147). k 0 = 1 will make the particle to be a fermion.
The triangles with δâ = m will carry a Majorana zero mode, provided that the weight tensor w 2 (δâ) satisfies w 2 (1) = w 2 (m). If w 2 (1) = w 2 (m), the triangles with δâ = m will not correspond to a Majorana zero mode. Those results suggest that the canonical boundaries of the topological non-linear σ-models are described by unitary fusion 2-categories in Statement I.2.
To summarize, the topological non-linear σ-models are described by the following datâ Although we have collected many evidences to support the above proposal, many details still need to be worked out to confirm it.
IX. SUMMARY
In this paper, we show that higher gauge theories are nothing but familiar non-linear σ-models in the topological-defect-free disordered phase. As a result, non-linear σ-models whose target spaces K satisfy π 1 (K) = finite group and π k>1 (K) = 0 can realize gauge theories, and non-linear σ-models whose target spaces K satisfy π 1 (K), π 2 (K) = finite group and π k>2 (K) = 0 can realize 2-gauge theories, etc .
We discuss in detail how to characterize and classify higher gauge theories, such as 2-gauge theories. As an application, we use 2-gauge theories to realize and classify all 3+1D EF1 topological orders -3+1D topological orders for bosonic systems with emergent fermions, but no Majorana zero modes for triple string intersections. We also design topological non-linear σ-models to realize and classify all 3+1D EF2 topological orders -3+1D topological orders for bosonic systems with emergent fermions that have Majorana zero modes for some triple string intersections. Since EF topological orders can be viewed as gauged fermionic SPT state in 3+1D, our result also give rise to a classification of 3+1D fermionic SPT orders.
To obtain the above results, we developed a "geometric" way to view the unitary fusion 2-category A 3 b for the canonical boundary of the EF topological orders. We used a special triangulation of a space K(Ĝ b , Z f 2 ) to described the fusion category formed by the objects and 1-morphisms in A 3 b . We used a tensor set defined for the triangulation to described the 2-morphism layer of 2-category A (Color online) A 1-cochain a has a value 1 on the red links, Another 1-cochain a has a value 1 on the blue links. On the left, a a is non-zero on the shade triangles: (a a ) ijl = aija jl = 1. On the right, a a is zero on every triangle. Thus a a + a a is not a coboundary.
or (see Fig. 13 )
where a chain is a composition of simplices. For example, a 2-chain can be a 2-simplex: (i, j, k), a sum of two 2-simplices: (i, j, k) + (j, k, l), a more general composition of 2-simplices: (i, j, k) − 2(j, k, l), etc . The map f n is linear respect to such a composition. For example, if a chain is m copies of a simplex, then its assigned value will be m times that of the simplex. m = −1 correspond to an opposite orientation. We will use C n (M d+1 ; M) to denote the set of all ncochains on M d+1 . C n (M d+1 ; M) can also be viewed as a set all M-values fields (or paths) on M d+1 . Note that C n (M d+1 ; M) is an abelian group under the +-operation. The total space-time lattice M d+1 correspond to a (d + 1)-chain. We will use the same M d+1 to denote it. Viewing f d+1 as a linear map of (d + 1)-chains, we can define an "integral" over M d+1 :
We can define a derivative operator d acting on an n-cochain f n , which give us an n + 1-cochain (see A cochain f n ∈ C n (M d+1 ; M) is called a cocycle if df n = 0. The set of cocycles is denoted as Z n (M d+1 ; M). A cochain f n is called a coboundary if there exist a cochain f n−1 such that df n−1 = f n . The set of coboundaries is denoted as B n (M d+1 ; M). For the Z N -valued cocycle x n , dx n N = 0. Thus
is a Z-valued cocycle. Here B N is Bockstrin homomorphism.
From two cochains f m and h n , we can construct a third cochain p m+n via the cup product (see Fig. 14) :
where i → j is a consecutive sequence from i to j:
The cup product has the following property
We see that f m h n is a cocycle if both f m and h n are cocycles. If both f m and h n are cocycles, then f m h n is a coboundary if one of f m and h n is a coboundary. So the cup product is also an operation on cohomology groups :
. The cup product of two cocycles has the following property (see Fig. 14) f m h n = (−) mn h n f m + coboundary (A11)
We can also define higher cup product f m k h n which gives rise to a (m + n − k)-cochain [52] :
and f m 
